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A Letter of Dr Wallisto Dr Sloan, concern-
ing the Quadrature of zhe Parts of the
Lunula of Hippocrates Chius , performed
by Mr John, Perks ; withthe further Im-
provements of zhe fame, by Dr David
Gregory , and Mr John Cafwell.

SR,

HE Sguarinﬁ a certain Lanula by Hippocrates Chius

long {ince, hath been known (as to the whole Zunaula)

for many Ages. But (as to the Parss of it, and the Ap-

purtenances thereunto,) New Difcoveries have been lately made,

iw.yhicj}; (I think) had not been confider'd by any before this pre-
ent Age.

I regceived(in November 1699.) from Mr. Fohn Perks (Mafter
of an Hofpital at O/d-Swynford in Worcefter-fhire, founded by
Mr, Thomas Foley) a briet account of his Szuariug the Portions of
Hj {ocmtes-’s Launnla; with which (I prefume)you will not be
difpleafed.

For the better underftanding of which ; I fhall premife as
known ( becaufe long fince demonftrated,) That, Ifon AB ( the
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Chord of ADB, the Quadrantal Arc of a Greater Circle, who’s

Center is C, ) be defcribed, as on a Diameter, a Semi-circle ABE ;
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This Semi-civcle, will be Egqual to that Quadrant. ( Becaufe the
Squares of their Diameters, are as 2 to 1 ; And,.in fuch propar-
tionare their refpeétive Circles ; and thercfore a Quarter of the
one, equal to Half the other.)

And; confeguendy; If from each of thefe, we fubtraét the
commog Segmeng ABD.: th Reﬂlaiﬂifzg Lunnla. ADBE ( on the
onefide) Witlbé Equatto the Remutning Friangle {-on the other
fide } ABG: { Or, 1o ABK, fuppcfiog h% bifeétedin K.} thatis,
to half the Sguare CK, inicribed’, 10 the Leflgr- Circle.) Which
1s commonly called, The Syuaying of Efippocrates’s Lannla; That
i, she Rinding a ReFilinear Kgrrs { which may be eafyly redu-
ced to a Square )’cqual to that Lynale.

This being premifed’; "The Pomnt m'hand, is, the Syuaring a
given Portion of fuch Lunula : {fuppofe ADE, cuteoff’ by a
Streight Line CDE, drawn from the Center C. Which Mr Perés
( not’knowing that the like had been before awtempted by any
qther ) doth perfornyafier this manner ; viz.

Drawing the Streight Lines EA, and EB ( cutting the Arc EB
in G,) and, on AG, ‘a:perpendicular EF, ( which will therefore
pafs.to the Centex €, becaule Bifelting AG at Right-angleés ; ) 7he
Right-lined Triangle AFE, is equal to ADE, the propofed Porsion .
of the Lunsls

His Demonftration is to this. purpofe : wiz. _ ;

ADB being a Quadrantal Arc; the Angle AGB will be Three
Fulves of a Right Angle ; (and its Conjunét Angle EGA, Half
a Right Angle.) Andthat Angle ( being Externalto the Frian~

(T

C

gle AGE, ) is Equal to the Two Oppofite Internals GEA + EAG.
Whereof GEA (dbecaqj_é an Angle in the Sgmicixcle AEB), is 2
R}gh;, Angle; andtherefore EAG is Ahif'a Right Angle; ( as are
alio FEG, and FEA.) Andthe Thres Triangles AFE, GE%,‘
an
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and GEA, each of them Hulf a Square. And AG to AE, as v/ 2
to 1 { proportional to the Refpective Radli of the Two Circles. )
And the Like Segments ADG, AE, in their Refpective Circles
{as the Squares of their Refpective Radii) as 2to 1. And there-
fore the Semi-fegment AFD; equal to the Segment AE. And con-
fequently ( orte. taking froth the Tria‘tigle as much asthe  other
adtles torss’y dhie Porzion of the. Limnls. ADE, equal to ‘the Trian-
gle AFE. Which was to be Demonftrated. o

( I take the liberey ( both in this and the things that follow ) to
vary fomewhat from the Authors Words, (bgt to the fame fenfe,
and without arly difadvantage to Them;) fo as to Defign the fame
Refpective Points (in all the Figures) by the fame Letters.
Which iakes 1t fomewhat Shorter ( without Repeating the fame
Conftruétion anew for every Figure; ) and prevents the Confu-
fion - which . might arife to the Fanfy, if the fanmie Refpetive
Points, in {cveral Figures, were defigned by different Letters
and the fanfe Letters, in the different Figures, defign different
Points. ).

If thg,Poim E chance to bein K ( the middle of the Arc AEB)
there will be no Interfection at G ( the Peints G,B being then
coincident, but without any difturbance to the Demonftration :)
Ifit happen beyond it, toward B;; then G will be on the other fide ;
and what.is here fayd of EGB; muft be accommodated to EGA:
which things are {o obvious, as not to need any long difcourfe.

The whole proceeds upon, the fame general notion with that
of {quariug the whole Zsu#l. (and fome other Curve-lined Fi-
gures; ) that, if as'much be added to the one fide, as is taken from

- theother, the Equality remains. ;

And the ftrefs of the Demonftration, is, to prove the fegments
ADG and AE, to be Like Segments ;and therefore Proportional to
their Refpective Circles; the Whole of one,equal to Half the other.

The Ground of the whole Procef§ is plainly this, The Angle
ACE, being an Angle at. the Center of the Greater Circle, but -at
the Gircum%erence of the Leflér, the line CDE ( as it pafleth from
CA to CB)-doth, in the fani¢ proportion, divide the Quadrantal
Arc ADB, and the Semicircular AEB: whence all the reft doth
naturally follow.

And this is Applicable to other LZanula’s ( befide that of Hip
pocrates) if ( by altering the Angle at F, or otherwife,) we take-in
fuch a Portion of the common Segment ABD on the one fide
(inftead of AE cut-off on the other fide) as the Proportion of the
two Circles requires.

Rrr 2 I fhewed
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I thewed this Oﬁgdratur_e of Mr. Perks to Dr. David Gregory
( our learned Profeflor of Aftronomy at Oxford,) who gives his
Opinion about it ( with his Improvement of it)in a Letter of
his tome ;> which I fhall give you in his own words,

“Reverend Sir, The Quadrature of the Parts of the Lanula of
“ Haippocrates Chius, by Mr. Perks ( which you fhewed me ) is
“very Elegant.

“I remember, the like was done, fome years fince, by Monfieur
“ T chirnhaufe ;, who afligns, asequal to the fame Portion, not the
“fame Triangle with that of Mr. Perks, bnt another Equivalent
“ thereunto, (as I fhall fhew by and by.) We have his Theorem,
“in the 4%z Lipfic, forthe Month of September, 1687. But,

“ without any Demon/iration,
“ But, both the One and the Other, feem not to have confidered

“this affair in 1ts full extent.

“For, if you compleat the T'wo Circles, whofe Arcs contain
“the Lunula of Hippocrates, the fame is true, as well of the Points
“in the other Semi'circle ACB,as of thofe in the Semi-circle AEB;
“and, for the fame Reafons. As appears in the Scheme annexed,
“ wherein I have mark’d the Points in the Semi-circle ACB, ( cor-
“refpondent to thofe of Mr. Perks in AEB,) with the correfpon-
“denc {fmall Letters of the Roman and Greek Alphabets,

“If Mr. Perks had made his conftrution univerfal; by ma-
“king both EA and EB, meet with the Greater Circle, (which he
“might have done by protralting thefe Lines and the Greater
“Circle ’ull they meet ; ) he might have found that the Portions.
“ of the Spaces A : CM, BHCN, (fuppofing MCN parallel to AB)
“are Quadrable as well as thole of Alippocrates’s Lunula: And
“that E Ay being a (treight Line, the. Portian AED of AHip-
“pocrates’s Lannla, isto A+& ( the Correfpondent of, AsCM )
“In the Duplicate Proportion of C¢ to Ae.” For E R+ (at R the
“Center of the Lefler Circle ) is, in'this caf¢, a Right Angle.

“ Moreover; 1f you take any Point ¢ 1n the Semi-circle ACB,
“and proceed according to Mr. Per¥'s conftrution Univerfalized
“as above-faid; you will find, on the.one fide, the Trilincum
“A¢d (contained by the Arcs A» A&, and the ftreight line ¢ )
“equal to the Retilineal Triangle A ee.  And, on'the other fide,
“the Ti#lineum containied by the Arc B ( the Complement of ¢ A
“to_the Semi circumference,) and the Arc B d ( the Complemerit
“of A$ to the Fourth part-of: the Cirecumference,)and the ftseight

“ling «d, (thatis, the Zri/nezm -BHCA diminithed by ‘Ehe Se-
gment
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“ gment C¢;) to be equal to the Reétilineal T'riangle B¢f. And,
“that thofe two fpaces A&, and the Difference of BHCd from
“the Segment Ce (parts of the Lanala- ACBgyA) taken to-
“gether, are equal to the Triangle ACB; as well as the two
“Spaces AED and BED, parts of the Zunala of Hippocrates.

“ So that, upon the whole, it appears, that the Two Circles
“( containing the Lanuiz of Hippocrates) being completed ; this
“ Lunula AEBGA, and the other ACB gy A, make up one Syftem,
“and are Conjugate Figures.

“For, (drawing a {trcight line CDE,or C+d,0r Ce dat plealure
¢ through C the Center of the Greater Circle, and cutting thofe
“two Circles,) the Space contaned within two Arcs of thele two
“Circles and part of the faid {treight line, (as AED, or Asd, or
“BH:¢d,)
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“BH:d,) is equal to the Rettilineal Triangle AEF, or A ¢9, or
“B «f, refpeltively.

¢« And 1t {o happens, that, if this line going out from C, be on
¢ the fame fide ot the Diameter MN with the Launnla of Fippo-
“crates ; the forefaid Space ( which receives a perfet Quadra-
“rure) is folitary ; ~( fuch as are the Parts of Hippocrates's Lunnla
“and of the two Spacés A « CM, BHCN ;which therefore are Parts
“of the Lunnla more nearly relating to one another.)

“ Butif that Line going out from C; be on the other fide of
“MN ; then the Space which 1s equal to the Reétilineal Triangle,
“is, the Difference of two Mixulineal Figures, ( the one a T'ri-
“lineum, the other a Segment of the Lefler Circle,) as is above-
“{aid; neither of which can be {quared feverally.

“All thefe particulars are plain from Mr. Perks’s Demonttra-

“tion; which, with a little variation ( fuchas is ufval in the dif-
“ferent Cafes of the {ame Theoreme) is applicable to all of them :
“ though perhaps he was not aware of it.
- “In the Dimenfion of the Parts of Hippocrates's Lunula,
“ jtmight perhaps be expected, that the Triangle afligned equal to
“a Portion of the Lunaula, {hould be Part of the Triangle to
¢ which that whole Zunnla 1s wont to be afligned equal ; ( that 1s,
¢ that the Triangle afligned equal to the Portuon ADE, fhould be
¢ the refpective part of ACB which is equal to the whole Lznala; )
¢ which in that of Mr. Perés 1s not.

“But, in that of Mr. 7/chirnhaufe (above-mentioned ) it is o,
¢ which is to this purpofe.

“Iffrom any Point E, in the circumference of the Lefler Circle,
“we let fall on AB, a Perpendicular cutting it in L, and draw the
“ line CL.; the Triangle CAL, is equal to the Portion of the Ls-
Yyuls ARD. ( And,confequently, the Triangle CBL, equali to
% the Portion BED, ). - _ ‘

“ Which (becaufe Mr 7/chanbanfe hath dotat all done it )
¢ 1 {hall briefly Demonftrace, fo s the Demonftration may reach
“ the Portions of the Confugate Space ACB gy A ,

Y For the Triangles ACB, AEF, are like Triangles; each being
“the half'ot a Square : And therefore, by 19 el. 6/ thé Triangle
“ ACB is to the Triangle AEF in the duplicate proportion of -BA
“to AE, thatis, by 8, el,'6, as BAis to AL. But, by 1. el. 6, the
“ Triangle ACB is tothe T'riangle ACL. as BA isto AL There-
“ fore, by o.¢l. 5, tlie Ttiangles ACL and AEF are equal. But
% the T‘rmn‘gk“éEF is ( by Mt Perks ) proved equal to thc“ Por-

tion
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« tion AED. And therefore the faid Portion AED is alfo equal
 to the Triangle ACL.
“Iam, Sir, Your&ec. D. Gregory.

Mr Cafwe# had a fight of this Quadrature of Mr Perks ( be-
fore Dr Gregorie or 1 had feen 1t ;) And hadgiven a Specimen of
its being capable of further Improvement. But, without having
Leifure, or giving himfelf the Trouble, of purfuing it through
all its Appendages. I would ( with his leave ) have here in-
{erted that Specimen: But he chofe rather to decline it ; faying,
He thought 1t needlefs, becaufe Dr Gregorie had, fince, done the
like more fully. _ ‘ ’

The Refult of 1t 1s to this purpafe ; On the Center B, he
draws by A, a Third Circle ; which forms another ZLaunala ,
than that of Aippocrazes: And he doth (very dextroufly) Square
the Portions of this Launsla. And doth thereby let us in, to a New
Syftem, which may be purfued in like manner as Dr Gregorie
hath done that of Hippocrates.

After thefe learned Difquifitions, on fo trite aSubjet; 1t will
not be needful for me to fay much. I fhall but briefly Compare
the Fwo Quadratures of Mr 7 fchirnbanfe and Mr Perks, (where-
in they Agree or Differ with each other. )  And then thew, How,
by either of them, to Divide the Lamula 1n any Given Proportion.

Monfieur TJchirnhanfe ; Letting fall, from E (on AB) a Perpen-
dicular EL, determines the Triangle ALC equal to tzxe Portion:

ADE.

Which being admitted ; We may
thus Divide the Zanale m -any
Given Proportion. If we divide
AB, at L, in fuch Given Proporti-
on ; CL will, in the fame proper-
tien ( becanfe of the Common Alu-
tude ) divide the Triangle ACB / 4
( which is equal to the Whole Za-
nauls.) AndLE (erected at Right. % »

Angles on ALB) wil determine :

the Paint. E; from whence if we Cc
draw, to C, the Streight Iine EC, this will, -at DE, divide the
Lanula o the fame Propertion.

Mz Perks; On EDC, drawing the Perpendicular AF , de-
termines the Semi:quadrate AFE, equal ta the propofed. Por-

tioll:

D

-
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“tion ADE. Which Semi-quadrate, is

~ a Like Figure, and a hke fituate to

B AE, asis ACBto AB.

1  And therefore ( becaufe- like Fi-
guresare in the Duplicate Proportion
of their refpetive Sides) It wefo
infcribe AE,-as that the Square -of
AEbeto the Square of AB, in fuch -

' Given Proportion, the LZunula will

C at DE, befo divided as is required.

And this will hold (if duly appli-

ed, according as the different Cafes may require ) though E be
tdken - (.in the Continuation -of the Semi-circle ) beyond B. For

(ftill) Like Figures, will be in Duplicate Proportion of their

Refpeive Sides ; and CE=CD*DE. And the fame is"yet im-

proveable much further. ‘

1 forbear to Apply this to the feveral Parts of thie whole Sy-

teme, confidered by Dr Gregorie, ( Or to that of Mr Cafwel,)

that. I be not too Teadious.

‘Much lefs fhall I give my felf'the trouble to confider the Solids
to be made by the Canverfion of it, or ofitsparts, abouta given
.Axis, (as MN, or AB; or:AC, or BC, &c. ) with their Surfaces and
Centers of Gravity ; as I have done elfewhere for the Cycloid:
But fuch as are at Leifure (and think it worth the while, ) may
do jt by fuch'like Methodes as Lhave made ufe of forthe Cycloide,

Iam S7R, ,
Yours to ferve pony

"JOHN W ALLIS.

o Poft-feript.
In the Tranfaltions for the Month of Aygnj? lalt patt; Numb. 255
A Letter of mine, is very faultyly Printed. I defire that the Zrraza
may be thus Corrected.

Pag. 280. 1. 24.ut ait. p.281.L 15. differentias infinitefififas. p. 282.7 12. (ut
antea) reram Novitas, /. 14. Meflis. Z 15, Et quidem. 4 16. " Atque hinc.
L 17. natura. /. 22. Academia. / 25.reapfe, 7 33.mifi. p. 283. L 5. defperatum,
1 11. Sueci. L 17. itinere. /.2§. adornat. / 33. Cceno. p. 284. L 1. fita. I 13.
redenndo ) ‘fenfint, 4 17. motibus. L 19. penitius. / 22. materi@, L, 23. per-
pendiculum creftos ) ad. /. 24. longo tra@u. 4 25. prz fe. L 29. Multaque. /. 30,
annos. [ 31. deprompta ) mihi videntur hnc. L 32.alid. / 34. coenofum, turbi-
dum. 2.35. Ifthmo. L. wlt. The Words P. S. Aug. 29. 1699. Jhowld have flood t lin. 20. /

Numb. 257. p. 346. L. 11. the Solar Tropical year. p. 349. 4 2. fuggefted by. p. 351.
L 34. ftands thus. ’



